This paper deals with the lateral stability for a railway vehicle. Particularly, nonlinear critical speed is investigated via bifurcation analysis. Shooting method and trust region algorithm are applied to calculate the limit cycle of the nonlinear dynamic vehicle model. In case of the investigated vehicle model, the influences of the suspension parameters on the critical speeds are not large. The effects of friction coefficient are also small. However, there is an overall consistency that the nonlinear critical speed is decreased when the stiffness of the suspension is reduced. Study of the excitation conditions where the stable limit cycles occur gives very useful information to understand the nonlinear dynamic behavior of a railway vehicle and to test the vehicle with roller rig test stands. According to the results, the direction of the excitation is very important as well as the amplitude and frequency to acquire accurate nonlinear critical speed.
Introduction
The stability analysis of railway vehicles is one of the classical research areas that takes on increasing importance with the development of high speed railway vehicles. Particularly, hunting stability is the most significant problem in dynamic systems of railway vehicles. Here, "hunting" means the dynamic combination of two (lateral and yaw) degrees of freedom when the behavior of a wheelset is unstable [1] .
The conventional railway wheelset, which consists of two conical wheels mounted on a common axle, undergoes lateral oscillations from a small disturbance when it is rolling. If the rolling speed is low, these lateral oscillations converge to zero (track center). However, at a certain speed or faster, the railway wheelset loses its stability and shows unstable motion. This certain speed is called "critical speed". Therefore, in the railway vehicle, wheelsets are supported to the bogies or car bodies with high stiffness elements in order to increase the critical speed and the railway vehicle should be designed so that its critical speed can be largely higher than the operating speed. Hence, the hunting stability analysis and prediction of the critical speed has been very important in the design process of the railway vehicle, and various related researches have been reported [2] [3] [4] .
The first concern was the linear stability analysis of the linearized dynamic model of a railway vehicle. But, many research results have pointed out that nonlinear effects should be considered for the complete investigation of the hunting motion. Generally, because the nonlinear critical speed is lower than the linear critical speed, it can be said that nonlinear analysis is more important than linear analysis for the stability assessment of the railway vehicles. One of the remarkable methods to acquire the bifurcation diagram of the nonlinear railway vehicle system was suggested by Ch. Kass-Petersen [5] and has been advanced by several researchers [4, 6] . His idea was commercialized as so-called 'PATH', and a multibody-system (MBS) analysis software, SIMPACK includes the bifurcation analysis tool based on his method. Due to his efforts, bifurcation analysis has been widely used for nonlinear stability analysis of railway vehicles. In recent years, related researches have been concentrated on the assessment of the stability under certain conditions. Zboninski et al. studied the nonlinear stability analysis of a rail vehicle on a curved track [7] . Zeng et al. investigated the effects of the coupler traction force on the nonlinear critical speed in straight and curved tracks [8] . Effects of the nonlinearities of the suspension system on the lateral stability of railway freight trucks have been one of the attractive research areas because freight trucks usually show chaotic motion due to nonlinear dry friction dampers [9, 10] Linear stability analysis is still useful for preliminary calculation during the vehicle design in the industry, particularly, when no complete information concerning the actual wheel/rail geometry is available in an early phase. Polach has studied the comparability of linearized and nonlinear stability assessment [11] and he recommended that conservative parameters should be used to secure some safety margin. He also introduced several methods of nonlinear stability analysis used in industrial applications and reported that careful choice of method was also important for a reliable stability prediction [12] .
As stated above, many researchers have studied how to analyze the nonlinear dynamic behavior of a railway vehicle and estimated the nonlinear critical speed in certain environments. However, an investigation of the domains of attraction or condition for generating the limit cycle has been nearly ignored in the previous research, even though it can give significant information for the assessment of the stability, particularly, when using the stability test equipment such as roller rig test stands.
Thus, in this paper, the domains of transient conditions where the limit cycle occurs are investigated. In section 2, a dynamic model of a railway vehicle and wheel/rail contact model are introduced. Bifurcation analysis of the model is carried out in section 3, and the influences of some model parameters are also discussed. The domains of transient conditions to generate the limit cycle are described in section 4. Finally, section 5 discusses the main conclusion and suggestions for future research.
Dynamic model of a railway vehicle

Creepages and creep forces
The dynamic behavior of a railway vehicle is significantly affected by the interactive forces between the wheel and rail. These forces depend on the adhesion, creep and wheel/rail geometry. In general, the difference of the circumferential velocity between two rolling bodies is defined as creepage. In railway engineering, creepages are usually determined as Ref. [13] (1) t are the unit orthogonal tangent vectors to the rail at the contact point in the longitudinal and lateral directions; r n is the normal vector unit to the surface at the contact point; and V is the magnitude of the wheel velocity along the longitudinal tangent vector at the contact point.
When the coordinate system of the contact plane between wheels and rails is located as shown in Fig. 1 , from Eqs. 
Right wheel:
Here, a g is a half of track gauge; 0 , r , R r L r are nominal rolling radius, rolling radii of right and left wheels, respectively; L δ , R δ are contact angles of right and left wheels, respectively; y & is the lateral velocity of a wheelset; ψ , ψ& are yaw and yaw velocity; , φ φ & are roll and roll velocity.
Creep forces are generated by the difference in strain rates of the two bodies and mainly depend on creepages, contact region and friction coefficient. Excellent theories to calculate the creep forces were developed by Kalker [14] . He suggested a linear theory for estimating linearized creep force in the very small creepage region, and a simplified theory for calculating nonlinear creep forces. He also developed a famous computing program called FASTSIM, and it has been applied to most of MBS S/W for railway vehicle dynamics. Polach [15] suggested a faster and a simpler algorithm than FASTSIM for the computation of wheel/rail force, which is based on Kalker's simplified theory. In this paper, Polach's algorithm is used for the calculation of creep forces. According to his algorithm, the longitudinal and lateral creep forces x F , y F are calculated as Here, ε and m ε are the gradient of tangential stress in the area of adhesion, 0 N is the normal force to the contact plane.
Equations of motions for lateral stability analysis
A dynamic model is established to analyze the lateral stability of a railway vehicle. It is assumed as a 14-D.O.F. four-axle vehicle composed of a car-body and two bogies including two wheelsets (Fig. 2) . Each component is allowed to move in the lateral and yaw directions. Here, reference coordinates are located on the track center line and the vehicle travels along the positive x direction.
Modeling of a railway vehicle has been well studied [13, 16, 17] ; therefore, we briefly introduce the results. From the Newtonian method of dynamics, equations of motions of the model can be expressed as Eqs. (17) As stated earlier, the critical speed can be changed according to the wheel/rail geometry even though other parameters are almost the same [18] . Therefore, it is very important for the stability assessment. We used conventional Korean wheel and rail profiles. The wheel has 1/20 conicity in the tread of wheel with 0.43 m nominal rolling radius. The head profile of the rail is Korean 60 kg rail with 1/40 inclination. Fig. 3 shows the contact characteristics of the applied wheel and rail.
Nonlinear stability analysis
Bifurcation analysis
It is known that limit cycles or periodic orbits bifurcate from the system equilibrium points via Hopf bifurcation. There are various methods to calculate the limit cycles such as center manifold theory, averaging, direct numerical integration, shooting method and so on. We used the shooting method [19] to investigate the limit cycle of the given railway vehicle by solving the boundary value problem.
The equations of motions, Eqs. (17)- (22), can be rewritten as the following form: Using the fact that all state variables of Eq. (25) have the same period T with different amplitudes if one of the state variables has the period T, the Poincaré section can be defined as (29) where 1 X and 2 X denote the lateral displacement and velocity of the first wheelset, respectively. Let us consider the initial guesses of 1 X and 2 X to be arbitrary value and zero, respectively, the nonlinear algebraic equation can be obtained from Eqs. (27) and (28) with 28 unknown variables, which are
, T and V. Thus, the algebraic equation can be solved by some iteration methods. In this study, the thrust region method is used to find the solution of the algebraic equation because it is robust and can be applied to illconditioned problems [20] .
Since the trust region method is a local optimization algorithm, the choice of the initial guesses for obtaining reasonable solutions is very important. The first initial guesses should be a very small value for 1 X , zeros for 2 28 X L , and 0 V , 0 T , which are the velocity and period at the equilibrium state. T is 2 / π ω , where ω is the absolute value of the eigenvalue.
Stability of limit cycles
The limit cycles can be classified into two: stable limit cycles and unstable limit cycles. If the state values are near the stable limit cycles, they will converge to the stable limit cycles. However, when they are close to the unstable limit cycles, finally they will go to the stationary points or other stable limit cycles. Stability of the limit cycles can be tested using the linearized state equation of Eq. (27), similarly to Eq. (30). The linearized equation at the limit cycle points is defined as
If one pair of eigenvalues of Eq. (31) has zero or positive real values, the limit cycle at the velocity, V can be determined to be unstable.
Numerical results
Linearized model and linear Kalker model
As stated in 3.1, bifurcation analysis is started from the initial guesses near the equilibrium points. Hence, the velocity and period of the equilibrium state have to be precalculated before the bifurcation analysis. The equilibrium state velocity, the so-called linear critical speed, has been often obtained from the linear simple model using Eqs. (19)- (24) where linear Kalker theory is applied. Table 1 critical speed of the linearized model is applied for the starting point of bifurcation analysis in this paper.
Full model and a half model
To reduce the time cost for numerical analysis, one bogie model had been applied instead of a vehicle model [16, 21] . However, it is rarely used except some special cases because the stability of a bogie cannot represent that of a vehicle. On the other hand, a half model composed of a half car body and a bogie with two wheelsets is often used to study the running performance of a railway vehicle on curve track [22, 23] because a half model and a full model are similar in low frequency response such as response on curve track.
In this section, the lateral stability of a half model is analyzed to determine whether the half model is suitable for stability analysis. Because yaw motion of a half car body is ignored in the half model, it is a 7-D.O.F. system. Fig. 4 shows the bifurcation diagram of the full model and half model. The results are summarized at Table 2 .
As shown in the figure, there is a good agreement between their nonlinear critical speeds even though the linear critical speed of the half model is a bit higher than that of the full model. Here, the nonlinear critical speed denotes the lowest speed in the bifurcation diagram. Hunting frequency of the half model is also similar to that of the full model. However, some different aspects between them are shown in the high and low amplitude regions. In case of the full model, the amplitude of the limit cycle suddenly jumped up at about 78.7 and 84 m/s in the high amplitude region. As a result, it reaches the maximum amplitude (limit amplitude of this analysis, 6.2 mm) at relatively low speed compared to the half model. Also, it shows some complex shape in the low amplitude region. On the other hand, the limit cycle of the half model has a sharper and smoother curve in the high amplitude region and has the maximum amplitude at high speed. It also displays a smooth curve in the low amplitude region. In spite of some differences between the local shapes of bifurcation diagrams of both models, the half model can be considered to reduce the computation time for predicting the nonlinear critical speed.
In Fig. 4 , solid and dashed lines denote the stable limit cycles, and lines with symbols ( and ) represent the unstable limit cycles. As stated earlier, if the state values are close to the unstable limit cycles, they will move to the stationary points or stable limit cycles. For example, if the states are closely located under the unstable limit cycles when the vehicle speed is between the nonlinear critical speed and linear critical speed, they will go to the stationary point, zero. They will move up to the stable limit cycles when they are over the unstable limit cycles. However, when the speed is higher than the linear critical speed, the states always have limit cycles if their initial values are not zero and they always converge to zero when the speed is lower than the nonlinear critical speed.
Primary and secondary suspension parameters
Suspension parameters are important factors for determining the critical speed as well as the wheel/rail geometry. Generally, low stiffness of the primary suspension causes a low critical speed and high stiffness increases the critical speed. However, those suspension effects are changed by the wheel/rail geometry. In other words, at a certain wheel/rail geometry, low stiffness suspension gives us the high critical speed or vice versa. Therefore, suspension properties should be carefully designed with considering wheel/rail geometry.
In this section, for the given wheel/rail geometry, the suspension effect on the nonlinear critical speed is analyzed. For this work, each suspension parameter is assumed to be 40% lower or higher than the nominal value and we compare the results of bifurcation analysis for each case defined in Table 1 . Fig. 5 shows the bifurcation diagram according to the change of the primary suspension stiffness. The linear critical speed has the highest value when the longitudinal stiffness of the primary suspension is 6.6 MN/m (nominal value). Particularly, the linear critical speed of Case 3 is lower than Cases 1 and 2. For the nonlinear critical speed, Case 3 is slightly higher than Case 1. But, the increase is smaller than expected, compared to the increase of stiffness. This implies that the nominal stiffness of longitudinal direction in the primary sus- pension is already sufficiently high and the nonlinear critical speed is almost saturated. The linear critical speed of Case 2 is similar to that of Case 1 but the nonlinear critical speed and its limit cycle amplitude is lower than Case 1. Compared to the decrease rate of the stiffness, the decrease of the nonlinear critical speed is also smaller than expected. These aspects can be also observed in Cases 4 and 5 ( Fig. 5(b) ). However, the bifurcation diagram draws some different shape in the small amplitude region, and the amplitude of the limit cycle at the nonlinear critical speed in Case 4 is similar to those of Case 1 and 5. The influences of the secondary suspension on the critical speeds are relatively lower than the primary suspension as shown in Fig. 6 . The linear critical speed of Case 7 is a little higher than in Case 1, but the nonlinear critical speeds of them are very similar. For Case 6, the linear and nonlinear critical speeds are slightly smaller than Case 1. The amplitudes of the limit cycle at the nonlinear critical speed are a bit increased in Cases 6 and 7.
Increasing the stiffness values, the nonlinear critical speeds were increased as shown in Cases 2~7. However, the bifurcation diagrams for the change of the lateral damping coefficient show a different appearance against other cases. The highest nonlinear critical speed is observed not in Case 9 (high damping) but in Case 1 (middle damping). In other words, when high damping is applied, the nonlinear critical speed is rather decreased even though the decreasing amount is very small. The lowest nonlinear critical speed still exists in the low damping (Case 8). Table 3 and Fig. 7 summarize the results of the critical speed analysis in this section.
Wheel/rail friction coefficient
The critical speed is known that it decreases at increasing friction coefficient between wheel and rail [1, 12] . But it is also reported that the sensitivity to the friction coefficient might depend on the wheel/rail contact geometry [12] . To estimate the effects of the friction coefficient for the given contact geometry, bifurcation analysis is carried out when the friction coefficient is 0.3, 0.4, 0.6. Here, the nominal value is 0.3. In the case of the given wheel/rail contact geometry, the influence of the friction coefficient on the nonlinear critical speed can be estimated to be low as shown in Table 4 and Fig.  8 .
Excitation conditions
In section 3, we analyzed the nonlinear stability of the given vehicle model and wheel/rail contact geometry and investigated the parametric study for the influences of some model parameters on the linear and nonlinear critical speeds. As stated earlier, the prediction of the nonlinear critical speed is more important than that of the linear critical speed because the hunting phenomenon appears when the speed becomes higher than the nonlinear critical speed, and it has very detrimental effects on the safety of a railway vehicle. However, although the vehicle speed is higher than the nonlinear critical speed, the hunting cannot always be observed. For example, Fig. 9(a) shows the time response of the investigated vehicle model for certain initial conditions. Limit cycle cannot be seen until the speed becomes 101m/s. But in other initial conditions, limit cycle can be observed at the speed of 76m/s as predicted from the bifurcation analysis ( Fig. 9(b) ). Hence, it is also important to investigate which one of the multiple stable solutions (stationary and stable limit cycle) will be realized depending on initial or disturbance conditions. Particularly, this investigation can give us very useful information when we test a railway vehicle with roller rig test stands. The general method using the roller rig is to increase the test speed until the linear critical speed appears and start to decrease the test speed slowly when wheelsets have large oscillations. Then the amplitude of the oscillation is gradually reduced and finally becomes zero. Here, the test speed when the oscillation disappears is defined as the nonlinear critical speed. Therefore, to test a vehicle using the roller rig, the maximum allowable speed of the roller rig should be higher than the linear critical speed of test vehicle. But the linear critical speed of high speed railway vehicle is often higher than the maximum speed of roller rig. In this case, we have to generate the oscillation of wheelsets artificially and check when the oscillation does not disappear with increasing the test speed.
There are two methods to excite the wheelset in the roller rig test: One is to use measured irregularities of real track, and the other is to use a sine wave with constant amplitude and frequency. A sine wave excitation can be used when the grade of the measured track irregularities is not applicable to test vehicle or continuous large amplitude excitation has to be applied. According to the vehicle characteristics and test types, the proper excitation method is selected.
Wagner [24] investigated the domains of attraction and probabilities of occurrence of the stable solutions using a constrained single wheelset model by primary suspension. He expressed the domains of attraction for several initial conditions on the y -y & and ψ -ψ& map. But, it is very difficult and complex to apply his expression technique in the full vehicle model because its state variables are so many that the number of cases to be investigated is enormous. Therefore, considering the excitation method of the roller rig test, instead of his expression, excitation conditions are investigated in this section. To achieve this, rails are assumed to have a sine wave irregularity and excite each wheelset during two cycles. Lateral irregularities of the rails can be simulated by changing the contact points according to the relative displacement of wheel and rail. Therefore, the label of abscissas in Fig. 3 implies the relative lateral displacement of wheel and rail. Time response of the first wheelset is simulated with change of amplitude (1~6 mm) and frequency (1~5 Hz) of the sine irregularity. The effect of excitation direction is also studied with changing phases of the sinusoidal track irregularity applied to each wheelset. Table 5 expresses the phases of each case. Fig. 10 shows the excitation conditions for the speed of 76m/s. Here, the area of black solid markers denotes the excitation condition of the stationary solution and blank area (white area) is the excitation condition of the stable limit cycle solution. As displayed in the figure, wheelsets should be excited with proper amplitude and frequency so that hunting can be observed. Particularly, excitation direction is estimated to be very important. The excitations of two wheelsets should be opposite direction in the same bogie in order to generate hunting easily. The hunting phenomenon appears even at the low amplitudes as shown in Fig. 10(c) and (d) .
We can see those aspects even at higher speed as shown in Figs. 11 and 12 . They show the excitation conditions for the Case  1st wheelset 2nd wheelset 3rd wheelset 4th wheelset   E1  E2  E3  E4   0°  0°  0°  0°   0°  0°  180°  180°   0°  180°  0°  180°   0°  180°  180°  0° speeds of 83 m/s and 89 m/s, respectively. As expected, the probability of occurrence of the limit cycle (hunting) is increased as the test speed is increased, independently of excitation directions. However, the probability of occurrence of the stationary solution is still a bit high when the excitations of two wheelsets have the same direction in the same bogie. Especially, if all the wheelsets are excited in the same direction such as case E1, a limit cycle may not be observed even at the speed close to the linear critical speed. Fig. 13 shows the excitation conditions for the case E1 at the speed of 101 m/s. There still exists the region of stationary solution. Therefore, when the sine wave excitation is carried out in the roller rig test or time response analysis, the excitation directions of two wheelsets in the same bogie should be selected to be opposite first and, next, proper amplitude and frequency have to be chosen.
Conclusion
This paper describes the nonlinear stability of a railway vehicle using bifurcation analysis. In the case of the investigated vehicle model, the influences of the suspension parameters on the critical speeds are less than expected. This implies that the suspension parameters are so high that their effects are not severe within the given range and represent indirectly that the critical speeds are more sensitive to wheel/rail contact characteristics than suspension parameters. Friction coefficient has not large effects on the critical speeds for the given model. Domains of attractions can give us useful information to understand the nonlinear dynamic behavior of a railway vehicle, particularly to test the vehicle with roller rig test stands. When the wheelsets should be excited artificially to find the nonlinear critical speed using sine wave excitation on the roller rig test or time response analysis, it is strongly recommended that two wheelsets in the same bogie have to be excited in an opposite direction. Also, proper amplitude and frequency should be selected to find the nonlinear critical speed accurately. Measured irregularities of track for excited wheelsets should also be carefully selected since they might not be suitable in some cases such as too short applying time, mismatches between the track irregularity grade and test vehicle and so on. Hence, a theoretical analysis of the nonlinear critical speed and excitation conditions has to precede the test.
It should be noted that most of the results of this paper are limited for the investigated vehicle model because they depend heavily on nonlinear parameters like wheel/rail contact geometry, nonlinear suspension parameters (although they were assumed to be linear in this study) and so on. Therefore, in future studies, the nonlinear stabilities and their characteristics of various vehicle models will be investigated and compared with the test results of roller rig. Sophisticated excitation conditions will be also studied in order to acquire more accurate nonlinear critical speed from the roller rig test. ----------------------------------------------------------------- 
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